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I, INTRODUXION 

i n  this report relate 

the three research phases, 

al results have been obtained for ctmpariscm w i t h  

thus, the resonant frequency of the system is 8 function of the amaunt of 
adsorbed helium, 

The electronic oscillator circuit which was constructed speci 
for this microbalance application is capale of maintaining the crystal 
5 Elc. with mean variatian of 0.1 cycle. 
converter circuit used for data recordings are capable of transmitting this 
high accuracy to a chart recorder in IO sec. data bits,  

The c m t e r  and digital-to-analog 

For rapid data colle 
is reduced t o  1 sec. and the 

um adsorption 
with rapid data c 

e can measure 1/2oO of a 
layer. 

Data for helium adsorption have been recorded i n  several different 
ways. 
recorded for pressures fran 10-U- t o r r  t o  10-5 torr  and for adsorbed quantities 
from a fraction of a manolayer t o  l9 monolayers while pure helium was being 
admitted t o  the system. 

The amount of helium i n  the gas phase versus the adsorbed phase was 

However, for low pressures this dynamic process did 



asonable time 

method of da ta  col- 

adsoibed layers with pressure 

theoretical phase of this program. The retical development and 
are presented in Part Iu: of this report. 

f chemical Pfiysics. The 
this Journal is inc 
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Physical-Adsorption Isotherm Based on a Triangular-sie Model* 
L ~ E  E TAYLOR, Wnaanv W. LOR-, JR., ~LND PAUL J. BXYANT 

Mi&& Research In&&, K- Cay, M k o d  
(Received 10 February 1965) 

A multilayer physit=&a&mption-isotherm theorp is dedaped; it assumes that a gas atom cannot be 
physicaUy adsorbed in an upper layer unless there is a triangnlar array of three adsorbed atoms in the 
layer below forming a site for adsorption. Neighaar interactions via Lennard-Jones intermolecular poten- 
tialsareineiildedintbe- of the adsorption energy. The resultant isotherm is hear for low cover- 
~indic&salmizontalintexactim d o n  tothe Langmuir adsorption isotherm when there is only 
F-Iaytx arwsge, and may yield a series of steps for sufiiciently low temperature. Numerical adsorption 

far He on ghss at 4.28” and 77% are presented. The former isotherm exhibits distinctive steps 
r B m d J P g e r  is condensed, whereas the latter isotherm is quite smooth. 

L IXTRODUCTIOI 

ANY theories of tion have been 

enomenon 1s ex 
interesting and would seem to lend itself to precise 
:xperimental measurements and accurate theoretical 
iescriptions. as shown that physical 
idsorption is of many Variables, e.g., 
molecular interacQons, roughness, adsorption- 
site models, molecular vibratiod states, etc. TO avoid 
:xcessive cumbersomeness and di&cuIty, it is custom- 
uy for any theory to incorporate ody a few variables 
md to approximate or to ignore the remainder. This 
paper is no exception in that regard. 

The derivation presented here has some different 
assumptions, but is anaIogous to the derivation, via the 

*This work was by the National Aeronautics and 
Space Administration, Headquarters, Washington, D. C., wider 
Contract NASr43 106). 

to &mtwn Statktks (D. Van 

, and E. Teller, J. Am. Chem. Soc. 

permitted layers is considered in greater detail than 
in either of the above-mentioned theories. This energy 
treatment is based on a Bragg-Williams model6 for 
occupation assignment. 

Section II details the numerous approximations 
used in this paper and describes the statistical-me- 
chanical theory used to derive the physiml-adsorption- 
isotherm equations based on a Ihngukr-site model. 
S i e  treating molecular interactions causes the 
adsorption energy to vary as a function of coverage 
in all layers, an “effective” adsorption energy is defined 
in Sec. III. The adsorption isotherm equations are 
discussed in Sec. W, and an iteration technique is 
presented. Two specific isotherms €or helium on glass 
are caladaMfrcun this theory and discussed in Sec. V. 

an upper layer unless 
there is a triangular array of three adsorbed particles 
forming a site for adsorption. The BET and triangular- 
site models are compared diagrammatically in Fig. 1. 
Let Xi represent the number of adsorbed particles 

in the jth layer. Then the total number of adsorbed 
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particles A is given by 

where J is the total number of layers containing ad- 
sorbed particles. In addition, let each layer be mathe- 
matically flat and contain S1 fixed sites in the same 
configuration as those of the first layer but laterally 
displaced for close packing. Furthermore, assume that 
the probability of a given fixed site being occupied is 
Oj, where Oj=Xj/S, is the fractional occupancy of the 
j th  layer. This choice of occupation probability is 
consistent with the gas particles striking the adsorbing 
sites at random and being unable to migrate over the 
surface, 

The next problem is to find the number of sites 
available for an adsorbed particle in the j th  layer. 
The triangular-site model and the close-packed-array 
assumption make this quantity equal to the total 
number of possible sites, neglecting the site occupa- 
tion rule, times the probability of simultaneous occu- 
pation of three adjacent fixed sites in the preceding 
layer, i.e., 

(1)  

Equation (1) replaces Sj=Xj-l in the BET theory. 
Now Sj need not be an integer. The generalized 
factorial, the gamma function, is used in the calcula- 
tion of the total number W of independent ways to 
assign N indistinguishable particles to the over-all 
adsorption system (gas and adsorbate surface) : 

Sj= Xj-1Oj-1*, Xo= SI,  eo= 1. 

where w; is the degeneracy weight of the ith energy 
level E; of the gas and n; is the number of gas particles 
in that energy level. 

The statistical problem is to find the numbers Xj 
and nj that give a maximum value to uu=lnW, under 
the restrictions of a given total number of particles N 
and a given total energy E. The constraints on the 
system are given by 

~ = Z ( n j + x j ) ,  ~ = ~ ( n j e j - x , w j ) ,  (3) 

where Wj is the average energy of adsorption for each 
adsorbed particle in the j th  layer. 

Since N and E are constant and a, is a maximum, 
their variations must vanish. In performing the 
variational calculation, it is convenient to define the 
“effective” adsorption energy Ej, which obviously 
depends on the molecular interactions and interlayer- 
adsorption-energy variations, as follows: 

m 

j=l j-1 

(4) 

TRIANGULAR- 
SITE MODEL BET MODEL 

FIG. 1. Site models. 

The variational calculation yields the following equa- 
tions: 

do,/dn;= CY + Deiy ( 5 )  

h a / d X j =  CY-/3Ejy (6) 

where u,=u,ua, ua being that part of the product 
pertaining only to the adsorbed particles and a, that 
part pertaining only to the gas particles. 

Equation ( 5 )  is the classical equation of an ideal 
gas of Boltzmann particles treated separately from the 
adsorbed layers. Assuming ni to be very large leads to 
the identification of a and B in terms of the chemical 
potential p and the absolute temperature T of the gas 
phase1 : 

CY= -/.t/koT, /3= 1/koT, (7) 

where ko is Boltzmann’s constant. The ideal gas law 
also follows: 

PV = N,ko T, 

No = ko-lKV (MT) 3 exp ( p/u/k0T) , 
K= ( 2 ~ k o )  ‘]K,~IZ-~, ( 8) 

where V is the volume, 9 is the pressure, M is the mass 
of a gas particle, and h is Planck’s constant. These 
results are derived from Boltzmann statistics which 
are valid’ when a exceeds 3. 

It is now convenient to define a new parameter yjl 
such that 

Ti= eq[- (/.t+Ei>/koTJ (9) 

and to evaluate this new parameter in terms of physically 
measurable parameters. From Eqs. (8) and (9) one 
obtains 

yj= (KMtTt /p )  exp(- Ej/koT). (10) 

dua/dO,= SI hyj. (11) 

Equation (6)  can now be written as 

The latter expression is the basic equation to solve 
in deriving the adsorption isotherm. By using S t h h g ?  
approximation for large arguments of the gamma func- 
tions in Eq. (2) and by differentiating the result, the 
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FIG. 2. Adsorption geometry. 

left-hand side of Eq. (11) is evaluated. The dnal result 
is 

yj= [<ei_ll-e,>/eiXe,,/(er-e,,)~~. (12) 

The triangular-site physical-adsorption isotherm is ob- 
tained from the simultaneous solution of Eqs. (10) 
and (12). 

is not considered, the entire value of 4. will be assigned 
to Wj for the adsorbed molecule. 

The term "physical adsorption" can now be explicitly 
defined as that adsorption for which R>C>3 and 
nr>a>3. In other words, attractive forces arising from 
ionic charges and permanent dipoles are excluded from 
consideration. 

Integration of the intermolecular potential of gas 
and adsorbent molecules over the volume occupied by 
the solid leads to an d u a t i o n  of the adsorbent con- 
tribution W*j to the adsorption energy Wj. The integra- 
tion implies that the intermolecular potentials are 
additive. This latter assumption is probably more 
serious than any made thus far,' but it is necessary 
for any simple and usable theory. 
With the surface located a distance D below the 

centers of the adsorbed molecules in the first layer 
(see Fq. 2), W.1 is given by 

Wa= w. 
IKL EFFECTIVE ADSORPTION ENERGIES 

The energy of adsorption Wj is defined as the differ- 
ence between the energy of a free particle at rest and 

kl&O k-  Y(k-9 1 
= 2 = 3 4 i )  (77 (k-3)  (C-3) ' 

particle in the jth 
shows that the effective adsorption 
tely determined when all the Wj's 

potential 4 
can be closely approxi- 
(.-nr) potential for 

where I tance between the molecules, u is tht 
distance of closest approach of two molecules which 
collide with zero relative kinetic energy, and c 
is the maximum of attraction of the two mole- 
cules when the re term is aIso considered.* If R 
represents the between the ad- 
sorbed molecul t4beaminimum 
at R, Le., 

( 14) 

(16) 
When: 

and No is the number of adsorbent molecules per unit 
D- [(C-2)/(R-2)]~(k%e ( 17) 

in Fg. 2) is ai, where 

An adsorbed molecule interacts with the adsorbent 
and dl other adsorbed molecules. The interactions 
between the molecules of the ith layer and a 
m M  in the jth layer are labeled Wg. The adsorption 

remaining interactions. 
The evaluation of Wj+t,j is interesting since the 

molecules in the (j+Z)th layer may be positioned in 
two possible ways. If these molecules lie above those 
in the j th  layer, the hexagonal close-packed crystalline 

~bange of potentid at an adsorbent molecule structke &ults. Otherwise, the fke-centered-cubic 
structure is obtained. But there is virtually no differ- 

baris, and G. D.Halsey, Jr., J. Chem. 
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ence in energies between these two crystalline structures. 
Therefore, the interaction energy is evaluated by 
representing the (j+2)th layer as a plane and inte- 
grating over it. The result is 

Wzj=edl ar-aj I ) ,  (20) 
where 

z(I) = L ( ! E ) 1 ' " - " ) [ ' ( ! 7 - L ( E ) 7 .  
V3(m-n)R2 n" 12-2 r m-2 r 

(21) 
The subscript I is used in Eq. (20) since i t  can be used 
for any layer that does not contain a nearest neighbor 
to the particle in the j th  layer. Equation (20) will be 
used for all I except j -  1, j ,  and j +  1. 

The evaluation of the Wj.& interaction energy is 
straightforward and is done by summing over the three 
nearest neighbors at  distance R' (see Fig. 2) and by 
integrating over the remainder of the ( j -  1) th layer. 
The result is 

Wj-l.j= [Oj-iz(p> -$4(R') If;, (22) 

where!/= 1-6: relatesfj' to the Kronecker delta and 
p is, for the moment, an arbitrary distance used in 
both the ( j -  1) th and ( j +  1)th layers as illustrated in 
Fig. 2.  

The Wj-1.j interaction energy is treated in a like 
manner. The integrated term is exactly analogous to 
that in Eq. (22), but the factor 3 /2  appearing in the 
other term must be replaced by a probability function, 
because the three nearest neighbors are no longer in- 
volved in forming the triangular adsorption site and, 
hence, cannot be assured of existence. This probability 
function Pj is evaluated as 

Pj= (ej+J30?) Pi_lz, Po=3&. (23) 

Therefore, the contribution of the ( j+ l )  th layer to 
Wj is 

Wj+l, j =  efiiz ( p )  - ~P,$J (R') . (24) 

wjj=ejZ(w) (25) 

Likewise, the Wjj interaction energy is evaluated to be 

where w is another arbitrary distance (see Fig. 2). 
The values of w and p must be ascertained in a 

systematic manner. The chosen method of determining 
w is to require the integration result (for ej=1) at w 
to equal the correct result obtained by actually summing 
over the six next-nearest neighbors lying within the j th  
layer. Thus, w is determined to be 

w= [27r/ (n- 2)V3]1/(n-2)v3R. (26) 

Using a comparable argument for p ,  we obtain 

p =  [h( 4R2+3a2) /G9 (n- 2) R2]1/(n-2) (#R2+a2) +. (27) 

The adsorption energy is determined by adding the 
above interaction energies to give 

Wj= W.gj-3(3fj'+ Pj) 4( R') 

+Pj-ie+@(w) + (fj 'ej-l+ej+l) ~ ( p )  

Equation (4) can now be applied to this equation to 
yield the effective adsorption energy 

Ej= Wsj+ 2Pj-le-3 (3+ PjJj-dOj) fj'4( R') 
2"i-'B;[P~1e- P,$(R')] 

ej 
-c  

i=j+l 

+2eiz(w) + 2 ( f j ' e ~ + e j + l > z ( ~ )  
j-2 J 

6 1  i=i+2 
+ ~ C B ~ Z ( U ~ - U ~ ) + ~  C e+qai-aj). (29)  

N. ADSORPTION ISOTHERM 

The triangular-site physical-adsorption equations 
cannot be solved exactly but must be solved iteratively. 
The kth iterative solution is obtained by rearranging 
Eq. (12) to give 

(30) 
where the right-hand side is evaluated by using the kth 
iterative values for all e,, i<j  and the (k-1)th itera- 
tion values for all Oi, i> j .  The exact theory is obtained 
when the iteration converges. 

Starting values for the exact theory can be obtained 
either from intelligent guesses or from the approximate 
theory. The approximate theory, which sets &=O for 
i>j and neglects the e j  dependence of yj,  has many 
interesting properties. For example, when 

ej") = ej-?[ 1 + y j (  1 - ei+lOjp) 

K<KMt Tt exp ( - W,/koT), 

e W ( P / K M * f l )  exp(W,/KoT), (31) 
it is shown that the percent coverage is directly propor- 
tional to the pressure. This linear dependence has been 
verified for Kr, Ar, and Ne on P33 carbon black? In 
the range where Eq. (31) is invalid but only mono- 
molecular adsorption is occurring, the approximate 
theory reduces to the conventional Langmuir adsorp- 
tion isotherm for a single adsorbed layer. 

The exact theory is based on a solid-state approach 
to the adsorbed layers and must become invalid when 
the temperature is above the melting point of the ad- 
bate or if the resultant crystalline structure is neither 
face-centered cubic nor hexagonal close packed. 
(Evidenceg has been presented suggesting that helium 

* G .  Constabaris, J. H. Singleton, and G. D. Halsey, Jr., J. 

9 T. G. Aston. S. V. R. Mastrangelo. and R. T. Tvkodi, J. Chem. 
Phys. Chem. 63, 1350 (1939). 

- I  - . -  
Phis. 23, 1633' (1955). 
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Adsorption isotherm for helium on porous glass at FIG. 5. Effective adsorption energy for helium on porous gkss 
at 4.28% 

adsorbs onto titanium dioxide in a solid-state lattice.] 
One of the more interesting features of the exact 
theory is that Ej passes through a maximum and then 
decreases as the pressure is increased. However, a close 
examination of Eq. (29) shows that this maximum 
should atrnost coincide with the event of and 
from Eq. (30) this equality cancels any variatlon of 
~ j .  Thus far, numerical calculations (see Sec. V) have 
shown the cancellations to be the case. 

alculate triangular-site adsorption isotherms 
on porous glass at temperatures of 4.28O 
The former isotherm is plotted in Fig. 3 

where “monolayer coverage” 8 is defined as the ratio 
of the total number of adsorbed molecules to the number 
of sites present on the adsorbent, Le., A/.!&. The ap- 
proximate theory appears to be fairly good for 8<2, 
but fails badly at higher coverages. However, the most 
striking features of Fig. 3 are the very abrupt steps 
exhibited by the exact theory. This apparent condensa- 

* physically attributable to the intralayer molec- 
tions. If the dassical second virial coefficient 

of e / b  6.W0K, were used, the p- which 
permit second- and higher-level coverages to become 

the theory indicates a strong dependence on the value 
of t 

The adsorption energies and effective adsorption 

CAL RESULTS 

numerical predictions, certain 
parameters needed to evaluate the 33:s are based on 

adsorption data to a 3-a0 pot 
values of D and W, for six 
porous glass and eight 
carbon black. was force constants, u and c, are 

measurements different methods. -Y*” fit% appreciable would be by a factor of -100. Thus, 

in Ui-hfnlApr r1lrt;cc RirA 6 R l d  nn tho energies are dotted in Figs- and resFtively- 
assumption of ideal hexagonal close-packed or face- 
centered cubic structure (R’= R) , the values of a, w, 
and p can be calculated from the gas-gas R value. 

The approximate and exact theories were both i 
1 7 1 

300 

PRESSURE f otmspheres) 

FIG. 4. Energies of adsorption for helium on porous glass at 

. Natl. 
I 

I 

iwze mar me aasorpuon enerpes are monoromcauy 
increasing, whereas the effective adsorption energies 
for the first three layers &%it maxima. However, no 
physical effect of the maxima is predicted since, when- 
ever Ej decreases, the multiplicative factor of in 
Eq. (30) is always zero due to iilling of the (j+l)th 
Ism. 

on porous $ass at ’17 
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The triangular-site adsorption isotherm for helium 
on glass at  77°K is plotted in Fig. 6. Notice the smooth 
curves and partially filled layers as contrasted with the 
single-layer condensation steps of Fig. 3. As expected, 
the adsorption energies shown in Fig. 7 are smoothly 
and monotonically increasing. Contrary to the results 
at  4.2g0K, the effective adsorption energies plotted in 
Fig. 8 exhibit maxima which do not coincide exactly 
with the vanishing of the yj multiplier in Eq. (30). 
The physical effect of this noncoincidence is shown in 
Fig. 6 by the gradual approach of el and Bz to 1. Another 
interesting result, excluding the first two layers, is 
indicated in Fig. 8 by the extremely high effective ad- 
sorption energy for the top layer at  very low coverages. 

VI. CONCLUSIONS 

The numerical isotherms given in the previous section 
cannot be interpreted as bona fide predictions, e.g., in 
Fig. 3 the saturation pressure of helium is around 
104 atm, whereas the actual saturation pressure is, 
of course, 1 atm. The error caused by not using weakly 
degenerate quantum statistics for the gas affects the 
higher-pressure data of Fig. 6 to some extent. The 
improper saturation pressure is probably related to the 
use of the Bragg-Williams model. But more sophisti- 
cated models11 also have inherent difficulties. However, 

j = l  

- - F ':lr 2 200 j=2 

loo+% j=4--. 

0 
1000 2000 3000 401 

PRESSURE (atmospheres) 

FIG. 7. Energies of adsorption for helium on porous glass at 
77°K. 

11 P. C. Hemmer, J. Math. Phys. 5, 75 (1964). 

0' 
1000 2000 3000 4000 

PRESSURE (atmospheres 1 

FIG. 8. Effective adsorption energy for helium on porous glass 
at 77°K. 

the numerical isotherms are good examples of adsorp- 
tion isotherms which may be obtained from the theory. 
For example, single-layer condensation steps similar 
to those in Fig. 3 have been observed for krypton on 
P33 carbon black by Singleton and Halsey,12 who 
attribute them to the flatness of the surface-a basic 
assumption of this paper. On the other hand, the higher- 
temperature adsorption isotherm of Fig. 6 has the 
general appearance of many published isotherms. 

The main dficulty in using the triangular-site ad- 
sorption isotherm is in obtaining values of D, W,, a, 
u, and E. However, HalseylO has measured D and W, 
for two adsorbents and 11 adsorbates. The interlayer 
spacing a is not accurately known. The well-published 
gas-gas values of u and E can be used, although Steele" 
found that for helium R increased 30% when the helium 
was adsorbed. Moreover, for argon on P33 carbon 
black, Sams et d.,' observed that the Lennard- Jones 
(6-12) force constants were changed by about 20% 
from the gas-gas values. A combination of the propel 
set of W., e, R, and a values may reduce the present 
need for a saturation-pressure correction. Indeed, the 
theory does suggedt that data for the difficult system: 
of helium and any solid a t  very low temperatures mighl 
be fitted by proper choice of parameters. 

19, J. H. Singleton and G. D. Halsey, Jr., Can. J. Chem. 33, 1% 
(1955). 

1) W. Steele, Jr., J. Chem. Phys. 25, 819 (1956). 


